In this paper, we study some degenerate parabolic equation with Cauchy-Dirichlet boundary conditions. This problem is considered in little H€ older spaces. The optimal regularity of the solution v is obtained and is specified in terms of those of the second member when some conditions upon the H€ older exponent with respect to the degeneracy are satisfied. The proofs mainly use the sum theory of linear operators with or without density of domains and the results of smoothness obtained in the study of some abstract linear differential equations of elliptic type.
Introduction
This paper is devoted to the study of a degenerate parabolic problem in the square X ¼0; 1½Â0; 1½ described by the variables ðt; yÞ In this work, we give an alternative approach with respect to the results due to Favini and Yagi [3] . These authors have studied some abstract problems of parabolic type with a degenerate term in the time derivative. They have particularly used the notion of multivalued linear operators and construct fundamental solutions when the right-hand side has a H€ older regularity with respect to the time.
Our techniques are different and use the sum theory of linear operators in two cases:
1. When the domains of these operators are dense. 2. When the operators are not necessarily densely defined.
On the other hand, in order to have some maximal regularities, we will use the optimal results obtained in the study of some abstract linear differential equations of elliptic type by Labbas [4] and El Haial-Labbas [5] .
Problem (1) can be regarded as the principal part of the following diffusion problem This last problem represents FickÕs second law which modelizes, for instance, the concentration (of atoms) uðt; xÞ at time t in a position x, (like the carburization of steel) in a homogeneous system (pure metal or any alloy). It is also the modelization of the lateral diffusion of a polluant in a flow of river with variable width.
We also mention that in the framework of the L p ðT Þ-space, with 1 < p < 1, a study is given in Labbas-Medeghri-Sadallah [7] for Problem (2) where it is proved that the solution u has the optimal smoothness, that is provided that a 21=2; p À 1½ and f is in some L p ðT Þ-weighted subspace. In this paper our main results (which are the equivalent to those obtained in the L p ðT Þ-study mentioned above) are the following: 
On little H€ older spaces

Preliminary results
In this section ðX ; k Á k X Þ stands for a complex Banach space, Q is an open set of R n (not necessarily bounded) and l 2 N. We denote by C l b ðQ; X Þ the space of the vector-valued functions with continuous and bounded derivatives up to the order l in Q. In the case X ¼ C, one will simply write C For simplicity, we shall write C r ðQÞ instead of C r ðQ; CÞ.
It is well known that any function f 2 C r ðQ; X Þ, with r 20; 1½, can be extended to a function of C r ðQ; X Þ. This is why we shall write in the sequel C r ðQ; X Þ or C r ðQ; X Þ, or briefly C r ðX Þ. The little H€ older Banach space h r ðQ; X Þ is defined by
the norm k Á k h r ðQ;X Þ is that inducted by k Á k C r ðQ;X Þ . We can show that 1. for any 20; r½ and l 2 N Ã n f1g, we have
2. f 2 h r ðQ; X Þ if and only if
3. for all r 20; 1½, every function of h r ðQ; X Þ can be extended to a function of h r ðQ; X Þ.
One of the main results concerning the little H€ older spaces is the following density property (see Lunardi [8] ). Proposition 2. Let Q be an open set with regular boundary of R n or a (possibly unbounded) interval of R. For every r 20; 1½ and l 2r; þ1½, the space h r ðR n ; X Þ (resp. h r ðQ; X Þ) is the closure of C l ðR n ; X Þ (resp. C l ðQ; X ÞÞ in C r ðR n ; X Þ (resp. C r ðQ; X Þ).
We have obtained a similar result in the curvilinear triangle T T ¼ fðt; xÞ 2 R 2 : t 20; 1½ and 0 < x < t a ¼ uðtÞg (see [1] ). We will use the notations The little H€ older spaces are therefore the good appropriated spaces if we want to apply the sum theory of densely defined operators in the H€ older space.
Anisotropic properties
One will need the following lemmas. 
Sums of linear operators
Let us now recall the essential of the sum theory we will have to apply. Let A and B be two closed linear operators in a complex Banach E, with domains DðAÞ and DðBÞ. We assume that there exist positive constants C A , C B , A , B such that ðD:G:0Þ DðAÞ þ DðBÞ ¼ E; ðD:G:1Þ
ðiiiÞ A þ B > p; ðivÞ rðÀAÞ \ rðBÞ ¼ ;;
ðD:G:2Þ 8n 2 qðÀAÞ; 8g 2 qðÀBÞ;
( where qðÀAÞ and qðÀBÞ are the resolvent sets of ÀA and ÀB, rðÀAÞ and rðBÞ are the spectra of ÀA and B.
Due to Da Prato-Grisvard [2] , we have the two following results. The inverse of A þ B þ kI is given by the DunfordÕs integral
where C is a sectorial curve separating rðÀAÞ and rðBÞ and lying in qðÀAÞ \ qðBÞ. The function
. Let F be a Banach subspace containing DðAÞ and continuously imbedded in E such that there exists a constant K satisfying, for some h 20; 1½,
When neither DðAÞ, nor DðBÞ is dense in E, Labbas [6] has proved the following result.
Theorem 7. Assume (D.G.1) and (D.G.2). Then for any
In this case A þ B is closable and thus DðA þ BÞ & Dð g A þ BÞ. But in [6] , we can find an example where DðA þ BÞ is strictly imbedded in Dð g A þ BÞ. Now, let us define the following vector-valued functions N : ½0; 1 ! X ; t ! N ðtÞ; N ðtÞðyÞ ¼ hðt; yÞ;
M : ½0; 1 ! X ; t ! MðtÞ; MðtÞðyÞ ¼ wðt; yÞ;
Then we obtain the operational form of the previous problem, mainly
where L is a linear operator with domain DðLÞ in some Banach space X which will be specified later on. Thanks to lemmas 3 and 4, the second member N is such that 
First application of the sums
In this subsection we choose X ¼ h r 0;0 ð½0; 1Þ. Our goal is to apply the results of Section 3 to Problem (7) in the Banach space Problem (7) is then equivalent to
The spectral properties of A and B are as follows. 
Moreover it is well known that if M and D t M belong to L 1 ðð0; 1Þ; X Þ then M admits a continuous representation on ½0; 1, thus Mð0Þ ¼ 0 has a sense.
Let us study the spectral equation
On the other hand, one has, for a.e. Hence, for all 1 20; p=2½
Now, let us choose 1 such that p=2 À 1 > 0 , then
Summing up we have ðD:G:1Þ.
The assumption of commutativity ðD:G:2Þ is checked by direct computations. h
Observe that, thanks to Theorem 7, A þ B admits a closed extension g A þ B and, for all k > 0
which means that, for N 2 E 1 , there exists a unique M 2 E 1 such that 
Therefore the operator B is clearly well defined. It is enough to check the spectral properties and the density. For the latter, one will use the density of the space C 2 ð½0; 1; X Þ \ C 0 ð½0; 1; X Þ in h r 0 ð½0; 1; X Þ assuming that h r 0 ð½0; 1; X Þ is equipped with the norm of the H€ older space C r ð½0; 1; X Þ. Let us show that the space
is dense in E hol . For this purpose we consider N 2 E hol . Thus Now, let us define the sequence N n by N n ¼ t 2a G n . Then, for n ! 1
On the other hand, E t 2a & DðBÞ. Indeed if M 2 E t 2a , one has
where w 2 C 2 ð½0; 1; X Þ \ C 0 ð½0; 1; X Þ. Hence, for all 1 20; p=2½
Assumption ðD:G:1Þ is then verified as above. This ends the proof of the proposition. h Using Theorem 5 for all q > 1, we deduce that the operator ðA þ BÞ is closable, A þ B þ kI is invertible and its inverse coincides with the operator L k . This leads to Proposition 12. For h 2 E hol Problem (6) In order to prove that the convexity inequality of Theorem 6 is verified with Lemma 13. There exists a constant K > 0 (depending only on q) such that for all function w 2 W 2;q ð0; 1Þ \ W 1;q 0 ð0; 1Þ, we have kwk
Proof. Thanks to Poincar eÕs inequality, we know that the norms kwk W 1;q 0 and kw 0 k L q are equivalent. Then it is enough to prove that
Fix a positive number l > 1. Using two integration by parts, we get for a.e. y 2 ð0; 1Þ, the identity Thanks to Schur interpolation lemma we obtain
By the same way, putting
we get
For a fixed number m 0 > 0, put
There exists a constant K > 0, such that for all function w 2 DðAÞ, one has
Proof. Recall that 
Other regularities
In this paragraph we analyze more regularities for the strong solution w by inverting the variables t; y. We write the problem with respect to the variables ðy; tÞ. Now, Problem (15) will be regarded as a second order differential equation of elliptic type for which we can apply the optimal results obtained in [4] . Let X ¼ C 0 ð½0; 1Þ, we then rewrite (15) in the space X in the following abstract form 
where as above, we assume that k is a fixed number in 0; 2a À 1½. Now, for , 2 C 0 ð½0; 1Þ, the spectral equation (with respect to the variables ðy; tÞ), from which, and after going back to w, we get
y w 2 h r ð½0; 1; Cð½0; 1Þ
(with respect to the variables ðt; yÞ).
Second case
In the same manner, Problem (16) can be considered in the space Remark 18 1. Note that the first and second application of the sum theory was useful to obtain the vector-valued weight regularities (with respect to t À2a ). 2. The previous study can be extended in a natural way to the degenerate parabolic problems of general form 
